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1. Solve the following PDE using the spectral method:

u(z,t) = uge(2,t), (2,1) € [071] X (—00, 00)
u(0,t) = u(l,t) =0,
u(x,0) =100, for z € (0,1)

(Hint: Odd extension may help.)

2. A discrete complex-valued function f can be represented by a vector
(fo, fi,--+» fan_1)T. Consider a matrix M where the entry in the j-th

row and k-th column is given by Mj;, = ei*=" .

Please express the function f as a linear combination of the column vectors
of M. In other words, you need to determine the coefficients for this linear
combination.

3. Let f(x) be a 2m-periodic complex-valued function and fo% |f(z)]2dx < .

Its complex Fourier coefficient is computed by f, = 5= f02 " f(x)e ke dy
and complex Fourier series is

+oo
FH) =Y fue™

k=—o00

and the truncated version is

N
Fu(H)@) = 3 fueks
k=—N

Recall its real Fourier series is ag + Y. ay cos(kz) + Y by sin(kx).Prove
k=1 k=1
that

(a) fr =250 if k> 1
(b) fr = %tk if g < 1
(c) If f(x) is real-valued, ay = 2Re(f)) and by = —2Im(f;) for k > 1

4. Given a positive even integer N, let Ey(z) = e'*® for k > 0 and z; = j 2T
for 0 < j < N —1. Since Ey(z;) = Exyn(z;), we can do discrete Fourier
transform with the set of functions { Ey(z): k= -5 +1,-5 +2,..., 5}



For Sy]fnmetry7 We would like to do discrete Fourier transform with E =
{Ek( k= 2 ,—— +1,..., % -1, % and updated computing rule is

vz

11 =
P —ikx; _ N

where a, = 2 if k = :I:% otherwise 1. And Its inverse Discrete Fourier
transform is given by

N
(In(f)) (z) = e
k=—%
_ N—1
(a) Let fo = % > f(z;)e"™*i, for k=0,..,N — 1. Prove that
§=0

iii. Zk =0 ‘fk|2* N k 0 |fk|2
(b) (Optional) Prove that

N-1
f(zj)gi(z (1)
7=0
where )
9;(x) = 5 sin(V=—2) cot ()

and g;(zx) = 1 if j = k otherwise 0.
(¢) (Optional) By using the nodal basis representation (1), we can com-
pute the derivative of f(z) by f™)(z ) (IN(f))(m) (z). Prove that

T
Let fy = (f(20), -, fan—1))" and £§") = (£ (o), ..., F) (@ 1)),
then f(m) D™fy for some matrix D™. In particular,
(71%“; cot((kjvj)”), if k#j
0, if k=yj

D'(k,j) = gj(ax) = {
. Consider the differential equation:

a— +b— = f(x) for x € (0,27),

where a,b > 0. Assume u and f are periodically extended to R. Divide the
interval [0, 27] into n equal portions and let z; = 2% forj=0,1,2,....n—
1.

Let u = (u(xq),u(z1), ..., u(r,_1))T and £ = (f(z0), f(21), .., f(wn1))T.

for 7=0,1,2,....,n — 1.



()

Use u(x;49) to approximate u/(z;) and use u(z;+4) and u(z;) to
approximate u”’(z;) and explain why the corresponding matrices D;
and D, approximate % and % respectively.

Prove that e™*@ .= (e?h@o etkz1  eiken-1)T ig an eigenvector of both
D and Dy for k = 0,1,2,...,n — 1. What are their corresponding
eigenvalues? Please explain your answer with details.

o i
Show that {e**}7_ forms a basis for C".

n—1 . ks n—1 3 ik N
Let u=>, (e and £ = >, ~ fre’™™®, where ty, fr € C. If u
satisfies aDou + bDyu = f, show that

2 in(2kh
(a)\% + b)\k)ﬁk = fk where >\k = i%,

for k=0,1,2,...,n — 1. Please explain your answer with details.



